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Abstract

Building on previous research that focused on deriving symbolic solutions for static loading
scenarios using symbolic matrix structural analysis for plane trusses, this study expands the
previous work by presenting an additional static analysis example and extending the method-
ology to free vibration dynamic analysis. Specifically, we investigate the feasibility of using
symbolic computation to derive analytical expressions for natural frequencies and mode shapes
in undamped free vibration 2d truss problems. The methodology is implemented in MATLAB
using the Symbolic Math Toolbox. In the static analysis case, it enables closed-form solutions
for displacements, support reactions, and internal axial forces, while in the dynamic analysis
case it yields symbolic expressions for eigenfrequencies, eigenperiods, and vibration modes.
Although the symbolic method performs well in static cases and yields elegant results for simple
dynamic free vibration problems, it encounters significant scalability limitations in more com-
plex dynamic scenarios, where expressions become excessively long and difficult to interpret.
Nonetheless, the symbolic results remain mathematically valid and can be evaluated numeri-
cally in MATLAB, Excel, or other environments. All examples presented are fully validated
using commercial finite element software and published analytical results.

Keywords: Symbolic Computation, Matrix Structural Analysis, Plane Trusses, Structural Dy-
namics, Free Vibration, MATLAB Symbolic Toolbox.

ISSN:2623-3347 © 2025 The Authors. Published by Eccomas Proceedia.
Peer-review under responsibility of the organizing committee of COMPDYN 2025.
doi: 10.7712/120125.12828.27755

5494


mailto:vplevris@qu.edu.qa
mailto:aa1903166@student.qu.edu.qa
mailto:uebead@qu.edu.qa

Vagelis Plevris, Abdulaziz Almutairi and Usama Ebead

1 INTRODUCTION

The Finite Element Method (FEM) is a foundational tool in structural engineering, enabling
the analysis of complex structural systems with high precision [1, 2]. It is widely used across
academia and industry for evaluating the static and dynamic behavior of trusses, frames, and
continuum structures. Traditionally, FEM is implemented numerically, offering flexibility and
efficiency for large-scale problems. However, numerical solutions are tied to specific input val-
ues and typically obscure the explicit relationships between structural parameters and system
response.

Matrix Structural Analysis (MatSA), a specialized form of FEM for linear-type structures
such as trusses and frames [3], provides a systematic way to derive structural equations and
assemble global stiffness matrices. When combined with symbolic computation, MatSA can be
transformed from a purely numerical method into a tool that delivers closed-form analytical
expressions [4, 5]. This symbolic approach has the potential to enhance understanding, support
parametric exploration, and offer educational value by explicitly showing how input parameters
influence the response of a structure.

MATLAB is a widely adopted platform in structural engineering, valued for its robust nu-
merical capabilities in areas such as matrix structural analysis, finite element modeling [6-9],
structural dynamics [10-13], and optimization tasks [ 14-18], among others [19, 20]. Beyond its
well-established numerical strengths, MATLAB also offers symbolic computation through the
Symbolic Math Toolbox [21, 22]. This toolbox enhances MATLAB’s functionality by support-
ing algebraic simplification, symbolic differentiation and integration, equation solving, and ma-
trix operations in symbolic form [23-25]. For both researchers and educators, it provides a
practical means to derive exact analytical expressions and explore theoretical relationships,
thereby deepening understanding of complex structural systems. Thanks to its seamless inte-
gration with MATLAB’s numerical environment, users can easily transition between symbolic
derivations and numerical evaluations. Similar symbolic capabilities are also available in other
platforms such as Mathematica [26], Maple [27], and Python’s SymPy library [28].

In previous works, we applied symbolic computation to the analysis of continuous beams |5,
29] and to 2D trusses [4, 30], under static loading conditions. Those works demonstrated how
symbolic expressions for nodal displacements, axial forces, and support reactions can be de-
rived directly from finite element formulations. The results were validated against closed-form
solutions from the literature and commercial finite element software, showing excellent accu-
racy and confirming the practicality of the method for small to moderately sized beam and truss
systems.

The present contribution extends the previous work on plane trusses [4, 30] in two directions.
First, we revisit the static symbolic analysis and introduce an additional example to further
demonstrate the methodology’s flexibility and capability to handle more intricate truss config-
urations. Second, and more significantly, we extend the symbolic MatSA framework to dy-
namic analysis. We investigate the symbolic formulation and solution of the free vibration
problem for plane trusses by constructing both the global stiffness and mass matrices symboli-
cally and solving the resulting eigenvalue problem. To illustrate this extension, we present two
dynamic examples involving trusses with increasing complexity.

This work contributes to the growing body of research that explores the interface between
symbolic computation and structural analysis. It demonstrates that symbolic MatSA is not only
viable for static problems but can also be extended to structural dynamics, albeit with practical
constraints. The examples presented herein serve as benchmarks for assessing the scope and
limitations of symbolic methods in structural engineering applications.
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2 SUMMARY OF THE SYMBOLIC METHODOLOGY AND EXTENSION TO
DYNAMIC ANALYSIS

The symbolic MatSA methodology for plane trusses enables the derivation of closed-form
expressions for structural response by expressing all quantities—geometry, material properties,
displacements, and forces—as symbolic variables. In the static analysis case [4], the global
stiffness matrix K is assembled using standard finite element procedures, where the element
stiffness matrices are derived symbolically and transformed into the global coordinate system.
The global matrix is then constructed by assembling all element contributions based on the
model’s connectivity and geometry.

In extending this methodology to dynamic analysis, we consider the undamped free vibration
of plane truss structures with lumped masses at the nodes. External static loads are not taken
into account. The key extension involves introducing a global mass matrix M, which is also
constructed symbolically. To retain analytical tractability, a lumped mass approach is adopted:
each node can carry a symbolic (or numeric) translational mass, and rotational inertia is ne-
glected. Only the explicitly assigned nodal masses are considered—self-weight or distributed
mass effects are not included.

Support conditions are incorporated by identifying constrained degrees of freedom and re-
moving them from the global stiffness and mass matrices. This yields the reduced matrices Kir
for stiffness and Myr for mass, corresponding to the active (free) degrees of freedom. The dy-
namic free vibration problem is then formulated as the standard generalized eigenvalue prob-
lem:

Kﬁq)i:/liMﬁ‘q)i (1)

where A= is the eigenvalue i representing the square of the natural circular frequency cw;,
and ®@; is the eigenvector corresponding to the vibration mode shape i. In the symbolic frame-
work, this equation is solved by setting the determinant of Eq. (2) equal to zero:

K, -2, <0 @

and symbolically solving the resulting characteristic polynomial for 4. In MATLAB, symbolic
eigenvalue analysis differs from the numerical case in that the symbolic eig function does not
support the two-argument form eig(Kff, Mff). Therefore, the generalized eigenvalue prob-
lem must be reformulated into a standard one using matrix inversion, as follows: [V, D] =
eig(inv(Mff)*Kff). This approach allows for the symbolic computation of eigenvalues
(stored in D) and corresponding eigenvectors (stored in V) for the free vibration problem.

For simple 2D truss configurations, this symbolic process yields explicit analytical expres-
sions for natural frequencies and mode shapes. These expressions clearly show how the dy-
namic behavior of the structure depends on parameters such as stiffness, geometry, and nodal
masses. As with the static symbolic formulation, this method provides valuable insight into
parameter sensitivity and structural performance—particularly in educational settings and ver-
ification tasks.

3 DEFINITION OF THE MODEL SYMBOLICALLY

In the symbolic Matrix Structural Analysis framework, structural models are defined using
symbolic variables that represent geometry, material properties, connectivity, and boundary
conditions. In the static analysis of trusses, this was previously achieved using symbolic defi-
nitions for the following input arrays [4]: NodeCoords, ElemMatSec, ElemCon, Supports,
PointLoads.
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For free vibration dynamic analysis, we retain the same symbolic model definition with one
important change: instead of defining external point loads, we introduce lumped masses at the
nodes to capture the inertial properties of the structure. Since we are interested in free vibration
behavior, external loads are not required—only the stiffness and mass characteristics of the
structure matter. Additionally, self-weight is not considered; only the explicitly defined nodal
masses are included in the model. The symbolic definition of the model is organized through
the following five input variables:

e NodeCoords: A matrix of size NumNodesx2, where each row defines the x- and y-coor-
dinates of a node. The first column represents the x-coordinate, and the second the y-
coordinate. Coordinates can be either numeric values or symbolic variables (e.g. L).

o ElemMatSec: A column vector of size NumElements, where each entry specifies the axial
stiffness of a truss element as the product E-4, where E is Young’s modulus and 4 is the
cross-sectional area. Values can be numeric or symbolic (e.g. EA).

o ElemCon: A matrix of size NumElementsx2, where each row defines the element con-
nectivity. The two columns represent the start and end node IDs of each element, with
node IDs given as numeric values.

e Supports: A matrix of size NumNodesx2, where each row defines the boundary condi-
tions at a node. The first column corresponds to restraint in the x-direction, and the second
column to the y-direction. A value of 1 indicates a fixed degree of freedom (DOF), while
0 indicates a free DOF.

e Masses: A column vector of size NumNodes*1, where each entry specifies the lumped
mass at the corresponding node. Mass values can also be defined symbolically (e.g. m).

This flexible symbolic structure allows the formulation of both simple and moderately com-
plex plane truss models, making it possible to carry out fully symbolic static and dynamic anal-
yses. Once defined, the model serves as input to the symbolic finite element procedures that
construct the global stiffness and mass matrices required for the eigenvalue problem.

4 LINEAR STATIC ANALYSIS EXAMPLE

We present a new numerical example for the static analysis case. In this example, the axial
stiffness EA is treated as a symbolic parameter, as it appears consistently in the stiffness matrix
and related analytical expressions for 2D trusses. While a common symbolic £4 is used for
simplicity, the methodology supports assigning different £4 values to each member to model
varying stiffness properties.

This numerical example can be found in the literature. In particular, it is the case No 3 truss
model from the work of Tinkov [31], which is shown in Figure 1. The symbolic parameters are
four: EA, a, b, and P. It consists of 14 nodes and 25 bar elements, forming a configuration
composed of vertical panels of equal width a and height b. The truss is supported at nodes 1
and 13, which are assumed to be roller-supported (node 1) and pinned (node 13), providing a
statically determinate support condition. A single vertical point load P is applied downward at
the central bottom node 7. All members have a symbolic axial stiffness £A4. The structure is
ideal for symbolic analysis due to its regularity.
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Figure 1. The truss of the numerical example of the static analysis case.

The results of the symbolic analysis are given in Table 1, Table 2 and Table 3, for Node
displacements (for selected nodes), support reactions, and element axial forces, respectively.

Node # x-Displacement (D) y-Displacement (D,)
Node 3 9Pa’ P((@ +b°)"” +9a° +b°)
ode - _
2EAb 2EAb
4Pa’ P((a*+b°)"” +84° +b°
Node 5 - EAab - (( };Abz )
Node 7 3Pa’ P(3(a® +b°)" +19d° +3b°)
ode - _
EAb 2EAb’
3P2 P 2+b2 3/2+8 3+b3
Node 9 _ZEZb B ((a };Abz a+b')
P2 P 2+b2 3/2+9 3+b3
Node 11 -4 - ((a ) ¢ )
2EADb 2EAb’

Table 1: Static analysis example — Node displacements (for selected nodes).

Node # Force Fx Force F,
Node 1 0 g
Node 13 0 .

Table 2: Static analysis example — Support reactions.
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Element # Axial Force Element # Axial Force Element # Axial Force
2 2
1 -2 10 “p PR
2 b 2b
2 2
2 0 11 Pa +b 20 _2p
2b 2b
2 2
3 Pa_+b” 12 _Xp 21 L
2b 2b 2
4 _%p 13 L 22 2 p
2b 2 2b
2 2
> -2 14 Xp 23 _PNa 4
2 2b 2b
2 2
6 “2p 15 _PNa+b 24 0
2b 2b
2 2
7 PNa +b 16 _9p 25 0
2b b
8 _4p 17 L
b 2
P a
-— 1 —P
9 5 8 b

Table 3. Static analysis example: Element axial forces.

4.1 Validation against analytical results from the literature

As mentioned, this truss example is based on a case from the literature, specifically Case No.
3 from the work of Tinkov [31]. In this study, the author presents an analytical formula for
calculating the vertical displacement of the central node (node 7 in our model). The formula is
the one shown in Eq. (3):

_ P 4d’+Bb +CC
" EF Db’

Tinkov’s methodology provides analytical solutions for displacements in various truss
configurations, using the parameter n, which defines the truss topology and the number of
repetitions of the main truss pattern, for each truss configuration. For the specific truss model
shown in Figure 1, it is n = 3. According to the study [3 1], the values of the parameters 4, B, C,
D and c for the specific truss are the following:

3)

2

° A:M:w
3

e B=C=n=3

e D=2

o c=+a*+b?

It is important to note that in Eq. (3) the variable F represents the cross-sectional area. Sub-
stituting F' with our variable A4 for the cross-sectional area (not to be confused with the above
parameter A=19 of the work of Tinkov [31]), and taking the above values of the parameters into
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account, the final formula for the vertical displacement of node 7, as derived in [31], is the one
of Eq. (4):
3
P Aa3+Bb3+Cc3 P 19a3+3b3+3(\)a2+b2)
“E4 DY EA 25’

Eq. (4) fully matches the symbolic formula derived by our program for the vertical displace-
ment of node 7, as presented in Table 1. The negative sign in the equation in Table 1 indicates
that the displacement is directed downwards.

A, “4)

4.2 Validation using numerical results from Engil.ab Truss.2D Pro

The static analysis example was validated using Engilab Truss 2D 2022 Pro, a specialized
software for the static analysis of plane truss models. The following properties are used for the
numerical calculations:

e Length (a): 2m

e Height (b): 3 m

e Axial stiffness (EA): Derived using £=200x10° kN/m? (200 GPa) and 4=4x10"* m?
(4 cm?), resulting in E4=8x10* kN.

e Point load (P): 50 kN

The truss was modeled in EngiLab Truss 2D Pro, as illustrated in Figure 2. Figure 3 shows
the deformation of the truss, and Figure 4 shows the element forces with colors, where elements
in tension are drawn with red color while elements in compression are shown with blue color.

FILE MODEL TOOLS VIEW HELP
DR ?2C SRR B UV /|t D3| Forer -N@IAF P |EO
Model Y

X=1.00 Y=6.00 GRID SNAP SNAPNODE UNITS: Consistent Material: 1 (Steel) Section: 1 (IPE 200)

Figure 2. The truss of the numerical example of the static analysis case, modeled with EngiLab Truss.2D Pro.
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example_1_compdyn.tr2d - Engilab Truss.2D 2022 Pro - o x
FILE MODEL TOOLS VIEW HELP
W9 SR B UPI - /M 3 & Focer ~-NA AF|»

Deformation o
: (x68.90)

X=2.00 Y-=600 GRID SNAP SNAPNODE UNITS: Consistent Material: 1 (Steel) Section: 1 (IPE 200)

Figure 3. Deformation of the truss structure (exaggerated), as visualized using Engilab Truss.2D Pro..

example_1_compdyn.tr2d - Engilab Truss.2D 2022 Pro - D0 X
EILE MODEL TOOLS VIEW HELP
b9 gxqR@|(UKLI « /[t 0 3¢ FoeF ~NADAF|» B8O
Axial Force Color Plot o

50,00

3333 50.00

X =800 Y=600 GRID SNAP SNAPNODE UNITS: Consistent Material: 1 (Steel) Section: 1 (IPE 200)

Figure 4. Axial force distribution in the truss, as computed by Engilab Truss.2D Pro.
Compressive forces are shown in blue, tensile forces in red.

Table 4 compares the node displacements between our symbolic software and EngilLab Truss
2D Pro, showing identical results. This consistency also applies to support reactions and ele-
ment axial forces, though these results are not included here.
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Numeric value of symbolic expression EngiLab Truss.2D Pro Result
Node # x-Displacement (Dx) y-Displacement (D))  x-Displacement (Dx) y-Displacement (Dy)
Node 1 -0.00375 0 -0.00375 0.00000
Node 2 0 -0.00094 0.00000 -0.00094
Node 3 -0.00375 -0.00507 -0.00375 -0.00507
Node 4 -0.00042 -0.006 -0.00042 -0.00600
Node 5 -0.00333 -0.00957 -0.00333 -0.00957
Node 6 -0.00125 -0.01051 -0.00125 -0.01051
Node 7 -0.0025 -0.01297 -0.00250 -0.01297
Node 8 -0.0025 -0.01204 -0.00250 -0.01204
Node 9 -0.00125 -0.00957 -0.00125 -0.00957
Node 10 -0.00333 -0.00864 -0.00333 -0.00864
Node 11 -0.00042 -0.00507 -0.00042 -0.00507
Node 12 -0.00375 -0.00413 -0.00375 -0.00413
Node 13 0 0 0.00000 0.00000
Node 14 -0.00375 0 -0.00375 0.00000

Table 4. Node displacements for the static analysis example.
Comparison with EngiLab Truss.2D Pro (all values in m units for this example).

S DYNAMIC ANALYSIS EXAMPLES

5.1 Dynamic analysis Example 1

The first dynamic analysis numerical example is a simple 2-bar truss with a single mass m,
as shown in Figure 5. This example considers undamped free vibration, meaning that no damp-
ing or external forces are included—the analysis focuses purely on the inherent dynamic prop-
erties of the structure based on its stiffness and lumped masses. The symbolic parameters are
three: EA, L, and m.

Figure 5. Dynamic analysis Example 1: The truss structure.

Table 5 shows the details of the model, as given in MATLAB. In every example, the number
of nodes (NumNodes) is defined by the rows of the NodeCoords matrix and the number of
elements (NumElements) is defined by the rows of the ElemMatSec matrix.

Table 6 presents the results of the dynamic symbolic analysis in terms of the symbolic pa-
rameters. It provides expressions for the squared angular frequencies w;?, natural frequencies f;,
periods T;, and mode shapes ®;, all given in symbolic form as functions of the axial stiffness
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EA, the length parameter L, and the mass m. These expressions offer exact analytical insight
into the dynamic behavior of the system and clearly illustrate how each quantity depends on the
fundamental physical parameters.

0o L 3L
NodeCoords
0 L 0
ElemMatSec [E4 EA]
1 27
ElemCon
2 3
S . 1o 17
orts
upp 101
Masses [0 m O]T

Table 5. Dynamic analysis Example 1: Details of the input parameters.

Quantity 1** Eigenmode

, EA(S\/E—«/E\BS—&/E +2J§)

20Lm

) EA(\/E\/35—8\/E+5\/5+2\/§)

20Lm
J10E4 (Jsﬁuﬁ—&‘/ﬁ —J5ﬁ+2J§+6é/E)
- 407Im

J10E4 (\/5\/5+2\/§—6<‘/E +\/5\/§+2\/§+6i‘/ﬁ)
407\[Lm

f

T ﬁmm(Jsﬁ+zﬁ_6m+Jsﬁ+zﬁ+6m)
3JEA

ﬂmm(Jsmzﬁ_wm_Js@zﬁ%m)
- 3WEA

_S(S\EEA+2\/§EA—\/§EA\/35—8\/§\/§) 25\/5+4\/§_
®, EA(2542 -85 250285

1

T

5(5«/§EA+2\/§EA+\/§EA\/35—8\/§\/§) 25\/5+4\/§_
@ EA(25V2-845) 2502-85

1

Table 6. Dynamic analysis Example 1: Analytical symbolic results.
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Validation using numerical results from SAP2000

To validate the symbolic results for the first dynamic analysis example, a numerical com-
parison is performed between the outcomes of our symbolic analysis and those obtained from
SAP2000 for the same truss configuration. Consistency in units is essential, as the symbolic
program accepts any unit system, as long as it is internally consistent. For this validation, we
adopt the following consistent unit system: meters (m) for length, seconds (s) for time, kilopas-
cals (kPa) for Young’s modulus, square meters (m?) for cross-sectional area, and metric tons
(Mg) for mass. The symbolic parameters are substituted with the following numerical values:

e Length(L):4m

e Axial stiffness (EA): Computed using E=200x10° kN/m? (i.e. 200 GPa) and
A=1x107 m? (20 cm?), giving EA=2x10° kN.

e Mass (m): 5 Mg (5000 kg)

Table 7 summarizes the numerical results obtained from the symbolic dynamic analysis of
the truss system, following the substitution of symbolic parameters with the above numerical
values. It presents key quantities for both the 1% and 2" eigenmodes of the structure.

Mode w? (s?) wi(s")  fi(Hz) Ti (s) D;
-0.4928
I 3569.1 59.7422 9.5083 0.1052 { 1 }
2.0291
2nd 7974.1 89.2977 14.2122  0.0704 |

Table 7. Dynamic analysis Example 1: Numerical results of the symbolic dynamic analysis,
obtained by substituting the symbolic parameters with numerical values.

Figure 6 shows the results of the dynamic analysis performed in SAP2000 for the same truss
configuration (with identical parameters) as the one analyzed symbolically in MATLAB. The
figure presents the deformed shapes corresponding to the 1% and 2" eigenmodes. As shown in
the output window, the periods and natural frequencies match exactly with those reported in
Table 7 from the symbolic analysis. This perfect agreement confirms the accuracy of the sym-
bolic computation procedure and validates the correctness of the results obtained using the sym-
bolic MATLAB program.
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B4 SAP2000 v21.2.0 Ultimate 64-bit - Model1
File Edit View Define Draw Select Assign Analyze Display Design Options Tools Help R
. . = - y
DV H& FRr®Haaaaa @y @ 2§ 5ER - NAtt-nal- T -@ |-

J Deformed Shape (MODAL) - Mode 1; T = 0.10517; f = 9.50826 ~ % | [ Deformed Shape (MODAL) - Mode 2; T = 0.07036; f = 1421217 -x

2

Right Click on any joint for displacement values Stat Animation 4 & GloBAL v KN.mC v

Figure 6. Dynamic analysis Example 1: Results from SAP2000 for the first (77=0.10517 s)
and second (7>=0.07036 s) eigenmodes.

5.2 Dynamic analysis Example 2

The second dynamic analysis example consists of a 5-bar truss with four nodes and three
point masses (each of magnitude m), as illustrated in Figure 7. The structure is analyzed sym-
bolically using three key parameters: EA4, L, and m.

Figure 7. Dynamic analysis Example 2: The truss structure.

Table 8 shows the details of the model, as given in MATLAB.
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0 22 0 2L7
NodeCoords
0 0 L L
ElemMatSec [EA EA EA EA EA]
11 2 2 37
ElemCon }
2 3 3 4 4
S . 100 0]
upports 1100
Masses [m m 0 O]T

Table 8. Dynamic analysis Example 2: Details of the input parameters.

Once again, the symbolic framework successfully computed exact analytical expressions for
all key dynamic quantities, including squared angular frequencies w;*, angular frequencies ;,
natural frequencies f;, periods 7;, and normalized mode shapes ®;. However, unlike earlier static
and simpler dynamic examples, the expressions obtained in this case—although mathematically
valid—are exceptionally lengthy and complex. For instance, the symbolic expression for just
1% spans multiple lines and contains deeply nested radicals, trigonometric functions, and irra-
tional numbers, as shown below:

W= «((15°(1/3)*EA*(19*15°(1/6)*sin(n/6 - atan((3*(10123 - 1189%57(1/2))(1/2)*(91*396426°(1/2) +
30%19821307(1/2)))/125534900)/3)*(12998837 - 1633670*5(1/2))(1/6)*(233%4477(1/2) + 10%22357(1/2)) +
53789*37(2/3)*5°(1/6)*sin(atan((25*30°(1/2)*(1189%5(1/2) + 10123)(1/2))/(819%57(1/2) + 1350))/3)*(1633670*5~(1/2) +
12998837)(1/6)))/322734 - 6*5(1/2)*EA - 25%EA + (EA*sin(w/3 + atan((3*(10123 -
1189*5°(1/2))N(1/2)*(91%396426°(1/2) + 30%¥19821307(1/2)))/125534900)/3)*(12998837 -

1633670%5°(1/2))N(1/6)*(50*4477(1/2) + 233%22357(1/2)))/16986 + (15°(1/2)*EA*sin(n/3 + atan((3*(10123 -
1189%5°(1/2)N(1/2)%(91*396426/(1/2) + 30*1982130°(1/2)))/125534900)/3)*(1633670%5(1/2) +

12998837)7(1/6))/6)/(50*L*m) %)

Similar complexity appears in the expressions for w>?, ws?, and their corresponding periods

and mode shapes. This illustrates a key limitation of symbolic dynamic analysis: while the sym-
bolic approach works well for static problems of simple 2D trusses—it becomes increasingly
impractical for dynamic problems, even in seemingly simple examples like the one considered
here. This is not a flaw of the symbolic method itself, but rather a mathematical reality: the
eigenvalue problem inherent in free vibration dynamic analysis is significantly more complex
than solving a linear system or inverting a stiffness matrix. As the system size grows, or the
expressions remain fully symbolic, the resulting formulas rapidly lose elegance and interpreta-
bility.

In this example (and the previous dynamic analysis example) we limited the number of sym-
bolic variables to just three (EA4, L, m), whereas previous successful static examples handled up
to five symbolic variables without issue [4, 5, 29, 30]. Interestingly, some simplicity still
emerged: the symbolic expressions for w4? and ws> were found to be elegant and compact,
showcasing that clarity may still be achievable, but only in certain eigenmodes:

, ., FEA
W; = ; I m (6)

This example highlights both the potential and the boundaries of symbolic computation in
structural dynamics and reinforces the need to balance symbolic generality with computational
practicality.
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Validation using numerical results from SAP2000

Despite the complexity of the symbolic expressions derived in this example, the symbolic
computation procedure remains fully functional and mathematically valid. To verify the accu-
racy of the results, we performed a numerical validation by comparing the outcomes of our
symbolic analysis with those obtained using SAP2000 for the same truss configuration.

For this example, we used the same structural properties as in the first dynamic example (i.e.
L=4 m, EA=2x10° kN, m=5 Mg). An equivalent truss model was created in SAP2000 and these
values were used to define exactly the same truss configuration in both MATLAB and SAP2000.

To evaluate numerical values from the symbolic expressions, we used MATLAB’s subs
command to replace the symbolic parameters with their assigned numerical values. We also
replicated this process in Microsoft Excel. Specifically, we copied the complex symbolic ex-
pressions (e.g., Eq. (5)) from MATLAB and pasted them into Excel, after defining the value of
each variable (such as L, E4, m) in separate cells. In doing so, we replaced MATLAB’s pi with
Excel’s PI() function. This approach enabled straightforward evaluation of the symbolic for-
mulas in Excel, providing fast and accurate numerical results. This also demonstrates that sym-
bolic analysis is not limited to specialized programming environments like MATLAB—it can
be extended to widely used tools like Excel, making the method accessible even to users without
programming experience.

The results from MATLAB and Excel were identical, confirming that the symbolic expres-
sions are correctly formulated and compatible across different computing environments. From
the w; values, we derived the corresponding angular frequencies w;, natural frequencies f;, and
eigenperiods T;, as shown in Table 9.

Mode w? (s2) wi(s)  fi(Hz)  Ti(s)
B 831.6496 28.83834 4.5898  0.2179
m 7126.1977  84.41681 13.4354  0.0744
31 10000 100 159155  0.0628
4 10000 100 159155  0.0628
5th 15092  122.8495 19.5521  0.0511

Table 9. Dynamic analysis Example 2: Numerical results of the symbolic analysis,
obtained by substituting the symbolic parameters with numerical values (for w?).

Next, we compare these numerical results from symbolic computations with those obtained
by SAP2000. The SAP2000 results, shown in Figure 8 and Figure 9 as program screenshots,
demonstrate exact agreement for all five eigenmodes. Figure 8 shows the modal periods and
frequencies, while Figure 9 shows the first four eigenmodes. These results confirm that, alt-
hough the symbolic expressions are lengthy and not elegant, the methodology remains valid
and robust, producing accurate and reliable symbolic solutions even for more involved dynamic
cases.
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E Modal Periods And Frequencies = O x
File  View Edit Format-Filter-Sort Options
Units: As Noted Modal Periods And Freguencies e
Filter:
OutputCase  StepType StepNum Period Frequency CircFreq Eigenvalue
Text Unitless Sec Cyclsec radisec rad2/sec?
4 Mode 1 0.217876 | 4 58976377553522 | 28.8383363178532 | 831.649541583516
MODAL Mode 2 0.07443 | 13.435352518421 | 54.4168095405208 | 7126.19773300055
MODAL Mode 3 0.062832 | 15.9154943091295 | 99.99999999%99597 | 9999 99999959993
MODAL Mode 4 0.062832 | 15.9154543091895 100 10000
MODAL Mode 5 0.051145 | 19.5521036877309 | 122.849480615203 | 15091.9973444148

Record: <4 <

Add Tables. ..

Done:

Figure 8. Dynamic analysis Example 2: Model periods and frequencies from SAP2000.
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Figure 9. Dynamic analysis Example 2:
(a) the 1t and 2™ eigenmodes, (b) the 3 and 4 eigenmodes.
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6 CONCLUSIONS

In previous work, we demonstrated that symbolic Matrix Structural Analysis can be success-
fully applied to continuous beams [5] and 2D trusses [4], producing analytical expressions using
finite element procedures combined with symbolic computation capabilities in MATLAB.
These results were both elegant and practical, showing that closed-form solutions can be de-
rived for various static structural problems with impressive clarity and generality.

In the present study, we extended the methodology for plane trusses in two key directions.
First, we introduced a new static analysis example. The symbolic procedure worked well, pro-
ducing valid analytical expressions for displacements, reactions, and axial forces. The results
were validated using closed-form solutions from the literature and numerical outputs from Engi-
Lab Truss.2D Pro, confirming the accuracy and reliability of the symbolic computations.

Second, and more significantly, we explored the application of symbolic analysis to the dy-
namic behavior of 2D trusses—specifically the free vibration problem with the computation of
eigenvalues, eigenfrequencies, periods, and mode shapes based on nodal masses. Two numeri-
cal examples were studied. The first involved a single nodal mass and two effective degrees of
freedom. In this case, the symbolic method performed exceptionally well, producing closed-
form solutions for all dynamic quantities. Although some expressions were lengthy, they re-
mained interpretable and computationally usable.

The second dynamic example introduced greater complexity with five effective degrees of
freedom. Again, the symbolic computation process completed successfully and provided math-
ematically valid results. However, the expressions became excessively long and complex, lim-
iting their practical use. Nevertheless, we were still able to extract numerical values from these
symbolic expressions using both MATLAB and Excel, confirming their consistency. These re-
sults were then compared with the corresponding dynamic modal analysis results obtained from
a SAP2000 model of the same truss, showing perfect agreement across all five modes. This
demonstrates that the symbolic methodology is correct and that the resulting expressions can
be evaluated and used in a variety of computational environments.

It is important to note that in more complex dynamic cases, the symbolic expressions gener-
ated tend to lose the elegance and simplicity typically preferred for engineering interpretation
or manual use. In additional experiments beyond the scope of this paper, we explored more
intricate truss configurations and found that MATLAB often failed to produce results in a rea-
sonable time or returned symbolic outputs so lengthy and complex that they offered very limited
practical value.

This confirms that while the symbolic approach can produce exact results, its effective ap-
plication in dynamic analysis is limited to relatively simple truss systems. Unlike static analy-
sis—where symbolic MatSA scales reasonably well for larger models with more symbolic
parameters (within certain limits)—the symbolic solution of the eigenvalue problem becomes
increasingly infeasible as complexity grows. This is a natural consequence of the increased
mathematical difficulty of eigenvalue problems compared to solving linear systems.

In summary, symbolic dynamic modal analysis of 2D trusses is viable and accurate for sim-
ple systems, but it faces practical limitations due to expression complexity as the problem scales.
The method is most effective when applied to small trusses with a limited number of symbolic
variables, where it can serve as both a computational tool and a valuable educational resource.
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