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Abstract
Optimization algorithms appear in the core calculations of numerous Artificial Intelligence (AI) and Machine Learning

methods and Engineering and Business applications. Following recent works on AI’s theoretical deficiencies, a rigour

context for the optimization problem of a black-box objective function is developed. The algorithm stems directly from the

theory of probability, instead of presumed inspiration. Thus the convergence properties of the proposed methodology are

inherently stable. In particular, the proposed optimizer utilizes an algorithmic implementation of the n-dimensional inverse

transform sampling as a search strategy. No control parameters are required to be tuned, and the trade-off among

exploration and exploitation is, by definition, satisfied. A theoretical proof is provided, concluding that when falling into

the proposed framework, either directly or incidentally, any optimization algorithm converges. The numerical experiments

verify the theoretical results on the efficacy of the algorithm apropos reaching the sought optimum.

Keywords Stochastic optimization � Inverse transform sampling � Black-box function � Global convergence

List of symbols
x� The argument of f corresponding to the

current optimum during the optimiza-

tion process

xm The sought argmin f

A Search space 2 Rn

h Convergence history of optimization

algorithms

i ¼ 1; 2; . . .; f ef g Iterator for the fe
j ¼ 1; 2; . . .; nf g Iterator for the dimensions of A

n Number of dimensions of the set A

f e The maximum function evaluations

1 Introduction

Despite the numerous research works and industrial

applications of Artificial Intelligence algorithms, they have

been criticized about lacking a solid theoretical background

(see e.g. Hutson 2018). The empirical results demonstrate

impressive performance, however, their theoretical foun-

dation and analysis are often vague (see e.g. Sculley et al.

2018). Machine Learning (ML) models, frequently aim at

identifying an optimal solution (see e.g. Sra et al. 2012,

and Bottou et al. 2018), which is computationally hard and

attempts to explain the procedure often based on the

evaluation of the function’s gradients (see e.g. Rudin 2019,

and Wu et al. 2017). Accordingly, the identification of

whether a stochastic algorithm will work or not remains an

open question for many research and real-world applica-

tions (see e.g. Doerr 2020a, b, Papadrakakis et al. 2005,
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and Papadrakakis et al. 2001). A vast number of opti-

mization algorithms have been developed and applied for

the solution of engineering problems, such as Moayyeri

et al. 2019, Plevris and Papadrakakis 2011, Lagaros et al.

2009, and Lagaros et al. 2006 in Structural Engineering, as

well as Wang et al. 2019a, Cui et al. 2019, and Wang et al.

2019b in Environmental Engineering. Furthermore, opti-

mization algorithms have been utilized in Financial mod-

eling and portfolio optimization (see e.g. Lin et al. 2004,

Gilli and Schumann 2012, Ponomareva et al. 2015), in

Chemistry (e.g. Siddique and Adeli , 2017, Hibbert , 1993,

Clayton et al. , 2019), in Biology (e.g. Degasperi et al. ,

2017, Holden and Freitas , 2005, Chang et al. 2004), in

Robotics (e.g. Kapoutsis et al. 2016, and Kapoutsis et al.

2019), etc. Accordingly, mathematical proofs regarding

their algorithmic convergence have been developed (for

instance see Bull 2011, Rudolph 1994, Clerc and Kennedy

2002), however their basic formulation often stems from

nature-inspired procedures (see e.g. Opara and Arabas

2019, De et al. 2019) and not solid mathematical frame-

works. Thus, many research works have been published to

investigate the performance of black-box algorithms (see

e.g. Muñoz and Smith-Miles 2017, Audet and Hare 2017,

and Audet and Kokkolaras 2016).

In its elementary form, the purpose of efficient opti-

mization algorithms is to find the argument yielding the

minimum value of a black-box function f(x), defined on a

set A, f : A ! Rn. Accordingly, the inverse problem of

maximization is the minimization of the negated function

�f ðxÞ, while problems with multiple objective functions

often utilize single function optimization algorithms to

attain the best possible solution. Here A is assumed to be a

compact subset of the Euclidean space Rn, where n is the

number of dimensions, however, the proposed method

applies similarly to discrete and continuous topological

spaces. The unknown, black-box function f, returns values

for any given input xij ¼ Xi ¼ ðxi1; xi2; . . .; xinÞ at each

computational discrete time step i ¼ 1; 2; . . .; f ef g, where
f e is the number of maximum function evaluations. The

sought solution is a vector xmin 2 A, such that

f ðxminÞ� f ðxÞ;8x 2 A, which may be written as:

xmin ¼ argmin f ðxÞ :¼ fx 2 A � Rn

j 8y 2 A : f ðyÞ� f ðxÞg
ð1Þ

The purpose of this work is to provide a rigorous context

for the optimization problem of a black-box function, by

adhering to Probability Theory, aiming at identifying the

best possible solution xmin, within the given iterations fe,

during the execution of the algorithm.

The rest of the paper is organized as follows: In Sect. 2,

the proposed Inverse Transform Sampling Optimizer

(ITSO) is presented. Additionally, the same

Section provides details on the theoretical formulation of

the algorithm and some programming and implementation

techniques. Illustrative examples of the optimization his-

tory are also comprised. In Sect. 3 the theoretical proof of

convergence is provided. Section 4 briefly presents the

programming techniques that were investigated, to imple-

ment the proposed method into a computer code. Section 5

presents three groups of experiments to illustrate the effi-

ciency of the algorithm. The comparison regards 13 non-

linear loss functions, 17 other optimization methods, for 10

and 20 dimensions of search space, and 5000 and 10000

iterations per dimension. Finally, conclusions are drawn in

Sect. 6.

2 Optimization by inverse transform
sampling

Let the probability distribution of the optimal values of f,

be considered as the product of some monotonically

decreasing kernel k over f at some time-step i and hence

given input xi. This assumption stands in the foundation of

the method and can be considered as rational, instead of an

arbitrary selection strategy, inspired by natural or other

phenomena. It is a straightforward application of the

Probability Theory to the problem. The kernel may be

considered as parametric, concerning time i. The selection

of the kernel k should satisfy the condition that its limit is

the Dirac delta function centered at argmin f ,

lim
i!1

kiðf Þ ¼ dmðxÞ; ð2Þ

where dm denotes the Dirac function centered at argmin f .

Although the selection of the kernel k is ambiguous, it can

be chosen among a variety of functions satisfying Eq. 2,

such as the Gaussian:

kiðf Þ ¼ expð�f ðxiÞ2gðiÞÞ; ð3Þ

where g(i) is a time increasing pattern. The function g(i)

controls the shape of the kernel k, approximating numeri-

cally Eq. 2. Additionally, we may use:

kiðf Þ ¼max f � f ðxiÞ; ð4Þ

kiðf Þ ¼1� f ðxiÞ �min f þ ei
max f �min f þ ei

^ ei ! 0; ð5Þ

or any other non-negative Lebesgue-integrable function,

which reverses the order of the given set of all f î, where î is

the permutation of the indices 1, 2, ..., i, such that the

sequence of f î being monotonically strictly decreasing. The

duplicate values of f î should be extracted to avoid

numerical instabilities. These duplicates often appeared in

the empirical calculations, especially when the algorithm
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was close to a local or global stationary point. A variety of

kernel functions k were investigated, and the results wer-

en’t affected significantly, even when distorting k(f) with

some random noise X0 � Uða; bÞ8kðf îÞ 2 ða; bÞ.
Accordingly, for each dimension j of the vector space A,

the marginal probability density function PXj
is obtained

numerically from the kernel function:

PXj
ðxijÞ ¼ kðf ðxijÞÞ8j 2 f1; 2; :::ng: ð6Þ

PXj
ðxijÞdx is the probability that argmin f falls within the

infinitesimal interval ½xij � dx=2; xij þ dx=2	. The corre-

sponding cumulative distribution function FXj
, can be

calculated by:

FXj
ðxijÞ ¼

Z xij

lbj

PXj
ðnÞdn; ð7Þ

where lbj is the lower bound of the jth dimension of the

vector space A and can be numerically evaluated by some

numerical integration rule, such as the Riemann sum

Sj ¼
Pn

i¼1 PXj
ðx�ijÞDxij, with PXj

ðx�ijÞ computed by the

application of the kernel k on some xij, such that

f ðx�ijÞ ¼ ðf ðxijÞ þ f ðxi�1;jÞÞ=2, or another approximation

scheme.

In the following Algorithm 1, the Inverse Transform

Sampling method’s algorithmic implementation is

demonstrated. The symbols are also noted in the Nomen-

clature section.

Algorithm 1: ITSO-Mathematical Framework
Data: A, fe, n
Result: x∗ = argmin f , f∗ = f(x∗)

1 while i ≤ fe do
2 j ← U {1, n};
3 ri ← U(0, 1);
4 SORT xij ∀i;
5 xij ← Fj

−1(ri);
6 fi = f(xi);
7 if fi ≤ f∗ then
8 f∗ ← fi;
9 x∗

j ← xij ;
10 else
11 xij ← x∗

j ;
12 end
13 end
14 return x∗ = argmin f

A graphical demonstration of the evolution of the

Probability Density Functions (PDF), as well as the cor-

responding Cumulative Distribution Functions (CDF), is

presented in Fig. 1, for f ðxÞ ¼ ðx� 5Þ2, which is a function

with one extreme value and in Fig. 2, for

f ðxÞ ¼ sinðxþ 0:7Þ þ 0:01
 ðxþ 0:7Þ2, which has many

extrema. Interestingly, as the function evaluations increase,

the CDF is characterised by sharp slopes, which are posi-

tioned in regions where the PDF exhibits high values, and

hence function f(x) returns low values. Figures 1 and 2

offer an intuitive representation of the procedure for find-

ing the minimum of a function, within the suggested

framework.

3 Convergence properties

During the optimization process, the algorithm generates

some input variables xij as arguments for the black-box

function f. By utilizing the values of f, we may compute the

values of the distribution PXj
ðxijÞ, by Eq. 6, and FXj

ðxijÞ by
Eq. 7, for all xij.

Definition 1 We define the argument of f within fe itera-

tions, corresponding to the minimum of f as xm ¼ argmin f .

In iteration i, the algorithm will have searched the space

Â � A, within the limits lbj; ubj. By definition, P is the

probability density (likelihood) that the optimum occurs in

a region x� dx. Hence,

E½X	 ¼

E½X1	
E½X2	
� � �

E½Xn	

8>>><
>>>:

9>>>=
>>>;

¼

R ub1
lb1

nPX1
ðnÞdnR ub2

lb2
nPX2

ðnÞdn
� � �R ubn

lbn
nPXn

ðnÞdn

8>>>><
>>>>:

9>>>>=
>>>>;
; ð8Þ

where E½�	, denotes the expectation of a random variable or

vector.

Theorem 1 If PXj
tends to Dirac d, and a Global Minimum

of the objective function f exists, then ITSO will converge to

xm ¼ argmin f .

Proof For each dimension j, we may write

E½Xj	 ¼
Z ubj

lbj

nPXj
ðnÞdn ¼

Z ubj

lbj

nF0
Xj
ðnÞdn; ð9Þ

and integrating by parts, we obtain

E½Xj	 ¼ ½nFXj
ðnÞ	ubjlbj

�
Z ubj

lbj

1FXj
ðnÞdn ¼ ubj 
 1� lbj 
 0�

Z ubj

lbj

1FXj
ðnÞdn:

ð10Þ

By applying the theorem of the antiderivative of inverse

functions (Parker 1955), we obtain

Z 1

0

FXj

�1ðyÞdyþ
Z ubj

lbj

FXj
ðxÞdx ¼ ubj 
 1� lbj 
 0:

ð11Þ

Hence, for Eqs. 10 and 11 we deduce that
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Fig. 1 Probability density and cumulative distribution functions, utilizing ITSO search strategy, for function f ðxÞ ¼ ðx� 5Þ2. The shape

sequentially tends to the Heaviside function, centered at xm ¼ 5

- 10 0 10 20
0.00

0.25

0.50

0.75

1.00

i = 3

- 10 0 10 20
0.00

0.25

0.50

0.75

1.00

i = 3

- 10 0 10 20
0

1

2

3

4

5

i = 150

- 10 0 10 20
0.00

0.25

0.50

0.75

1.00

i = 150

- 10 0 10 20
0

5

10

15

i = 250

- 10 0 10 20
0.00

0.25

0.50

0.75

1.00

i = 250

- 10 0 10 20
0

100

200

300

i = 500

- 10 0 10 20
0.00

0.25

0.50

0.75

1.00

(a) PDF, (b) CDF, (c) PDF, (d) CDF,

(e) PDF, (f) CDF, (g) PDF, (h) CDF, i = 500

Fig. 2 Probability density and cumulative distribution functions, utilizing ITSO search strategy, for function

f ðxÞ ¼ sinðxþ 0:7Þ þ 0:01
 ðxþ 0:7Þ2. The shape sequentially tends to the Heaviside function, centered at xm ¼ �2:24
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E½Xj	 ¼
Z 1

0

FXj

�1ðyÞdy: ð12Þ

If a Global Minimum of f exists, then any uncertainty in

estimating the actual location of xm ¼ argmin f should

originate from the initialization of the convergence algo-

rithm. In this case, the PDF of independent realizations of

the location of the minimum should narrow down with the

progression of the algorithm, tending to the Dirac function

centered at the argument that minimizes f, i.e.

dm;jðxÞ ¼
þ1; x ¼ fxj : x ¼ xm ¼ argmin fg
0; otherwise

�
; ð13Þ

and

Hm;jðxÞ :¼
Z x

�1
dmðsÞds: ð14Þ

As PXj
tends to the Dirac function, FXj

tends to the

Heaviside step function centered at xm, hence by Eq. 12 we

deduce that

E½Xj	 �!
½

	
i ! fe

Z 1

0

Hm;j
�1ðyÞdy; ð15Þ

and by Eq. 11

E½Xj	 �!
u

bj �
Z 1

0

Hm;jðyÞdy ¼ ubj � ðubj � xmÞ 
 1 ¼ xm;j

ð16Þ

h

4 Programming techniques

A variety of programming techniques were investigated to

implement the proposed method into a computer source

code. To keep the algorithm lightweight, simple and reduce

computational complexity and time, we applied inverse

transform sampling by keeping each iteration i the best

function evaluations and randomly sampling them. This is

equivalent to a kernel function that vanishes over the worst

function evaluations and distributing the probability mass

to the best-performing ones. Accordingly, similar pro-

gramming techniques may be investigated in future works

within the suggested framework.

Algorithm 2: ITSO-Short Pseudocode
1 Initialize: x = rand(n), opti x = x, opti f = f(opti x);
2 for i = 1 : fe do
3 for j = 1 : n do
4 indsBEST = sortperm(opti evals)[1 : α];
5 inp x = x evals[indsBEST, j];
6 inp y = opti evals[indsBEST];
7 rr = min{inp x}
8 +rand(0, 1)(max{inp x} − min{inp x});
9 x[j] = rr;

10 fi = f(x);
11 if fi ≤ opti f then
12 opti f = fi;
13 opti x = x;
14 else
15 x = opti x;
16 end
17 end
18 end
19 return opti f, opti x

Algorithm 2 represents a simplified version of the sup-

plementary code in Appendix 1, which may be easily

programmed. The variable opti evals is a dynamic vector,

containing all values of the objective function returned

during the optimization history, until step i, and x evals is

an i
 n matrix, containing all the design vectors x1:i,

corresponding to opti evals. The integer a is a parameter

regarding how many instances of the optimization history

are kept to sample among them randomly; for example, if

fe ¼ 104, we may select a ¼ 102. The choice of a may

affect the results, as it regards the selection of the number

of best solutions kept, till the current execution step of the

algorithm. For the Numerical Experiments we use a ¼ i for

the iterations less or equal to the 1
3
of the total function

evaluations fe. After this point (i.e. i[ fe
3
), we use

a ¼ bfe
3

 ð1� i

fe
Þc þ 2, in order to shrink the search

hypercube, as i increases, and more information is avail-

able for the optimal values of f. In this context, a is pro-

gressively reduced with increasing i, and also rounded to

the smallest integer(bc). For the case i ¼ fe, a takes the

value of 2, corresponding the dichotomy of the last two

points. This is implemented in line 32 of the file ITSO-

short.jl in the supplementary computer code as per

Appendix 1.

In this variation of the code, the Inverse Transform

Sampling is approximately implemented in line 7, by cal-

culating the random variable rr, among the extrema of the

vector inp x, corresponding to the range where: for the jth

dimension of all x1:i, the a best function values were

returned by the black-box function f. The sought solution is

the vector opti x, and the minimum attained a value of the

objective function opti f .
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5 Numerical experiments

In this section, we test the ITSO algorithm, for various

objective functions as per Appendix 2, in comparison with

two well known packages for Optimization, utilizing a

variety of methods. Particularly, we present the results

obtained by running the ITSO algorithm, as well as

Adaptive Differential Evolution (rand 1 bin), Differential

Evolution (rand 1 bin), and Differential Evolution (rand 2

bin) with and without radius limited, Compass Coordinate

Direct Search, Probabilistic Descent Direct search, Ran-

dom Search, Resampling Inheritance Memetic Search,

Resampling Memetic Search, Separable Natural Evolution

Strategies, Simultaneous Perturbation Stochastic Approxi-

mation, and Exponential Natural Evolution Strategies from

the Julia Package BlackBoxOptim.jl (Feldt 2013-2018),

and Nelder-Mead, Particle Swarm, and Simulated

Annealing from Optim.jl (Mogensen and Riseth 2018). To

demonstrate the performance of each optimizer in attaining

the minimum, we firstly run the algorithm r ¼ 10 times,

obtain fkðxiÞ for k ¼ f1; 2; . . .; rg and all iterations

i ¼ 1; 2; . . .; f ef g, and average the results

f̂ ðxiÞ ¼
Pr

k¼1 fkðxiÞ
r

: ð17Þ

Hence we obtain robust results for the evaluation, and as

the values of the various functions f of Appendix 2 vary

significantly, we seek to normalize the results in order to

compare the historical values within a common domain;

see e.g. Hansen et al. 2021, and Karaboga et al. 2004. It is

important to underline that this procedure regards solely
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Fig. 3 Average optimization history h (Eq. 19, for all 13 Functions, repeated 10 times
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the visualisation of the results into a common scale for all

functions, as the final optima reached by each function f are

not affected by the suggested operation. Accordingly, we

normalize the vector of obtained function evaluations v ¼
ff̂ ðx1Þ; f̂ ðx2Þ; . . .; f̂ ðxfeÞg in the domain 0; 1½ 	 through

f̂nðxiÞ ¼
f̂ ðxiÞ �minv

maxv�minv
; ð18Þ

and finally use the optimization history h

hðxiÞ ¼

Pm
l¼1

f̂ lnðxiÞ

m

0
BB@

1
CCA

1
10

; ð19Þ

where m indicates the number of black-box functions used

for the evaluation (Appendix 2). Equation 19 was selected

as a performance metric, in order to obtain a clear repre-

sentation of the various optimizers utilized, as powers

smaller than one (in our case 1
10
), have the property to

magnify the attained values at the final steps of the opti-

mization history. In Fig. 3 and Table 1, the numerical

experiments for m ¼ 13 functions are presented. Each line

corresponds to the normalized average optimization history

h (Eq. 19, for all functions, which were repeated 10 times).

We may see a prevalence of the proposed framework, in

terms of convergence performance, as expected by the

theoretical investigation. The numerical experiments for

the comparison with other optimizers, may be reproduced

by running the file ‘‘__run.jl’’, provided in the supple-

mentary Computer Code (Appendix 1).

6 Discussion and conclusions

In this work, a novel approach was presented for the well-

known problem of finding the argument that minimizes a

black-box, function or system. A vast volume of approxi-

mation algorithms has been proposed, mainly heuristic,

such as genetic, evolutionary, particle swarm, and varia-

tions. However, they stem from nature-inspired proce-

dures, and hence their converge is investigated a-posteriori.

Despite their efficiency, researchers are often questioning

their rigorousness, in terms of mathematical formulation,

while the complexity of embodying such algorithms to

larger computer codes is often complex and not straight-

forward. To the contrary, the proposed algorithm initiates

its formulation from well established probabilistic defini-

tions and theorems, and its implementation demands a few

lines of computer code. Furthermore, the convergence

properties were found stable, as presented in the corre-

sponding theoretical proof, and the numerical experiments

validate the theoretical results.

Table 1 Average minimum

values of h attained by each

optimizer

n ¼ 10 n ¼ 20 n ¼ 20

fe ¼ 5000 fe ¼ 5000 fe ¼ 10000

Adapt. diff. evol. (rand 1 bin) 0.00991 0.02210 0.00852

Adapt. diff. evol. (rand 1 bin, radious limited) 0.00734 0.01762 0.00482

Diff. evol. (rand 1 bin) 0.01348 0.02196 0.01161

Diff. evol. (rand 1 bin, radious limited) 0.00760 0.01377 0.00564

Diff. evol. (rand 2 bin) 0.02140 0.03712 0.02687

Diff. evol. (rand 2 bin, radious limited) 0.02072 0.03110 0.02008

Compass coordinate direct search 0.00084 0.00118 0.00045

Probabilistic descent direct search 0.00984 0.01424 0.01239

Random search 0.05678 0.08307 0.07936

Resampling inheritance memetic search 0.00238 0.00513 0.00243

Resampling memetic search 0.00129 0.00236 0.00223

Separable natural evolution strategies 0.02038 0.01165 0.01127

Simultaneous perturbation stochastic spproximation 0.13967 0.13998 0.13227

Exponential natural evolution strategies 0.01972 0.01415 0.01286

Nelder-mead 0.01858 0.03307 0.03452

Particle swarm 0.00254 0.00166 0.00136

Simulated annealing 0.03825 0.03812 0.03721

Proposed-ITSO 0.00001 0.00020 0.00017
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Appendix 1: Programming code

The corresponding computer code is available at GitHub

https://github.com/nbakas/ITSO.jl. The examples of Fig-

ure 3 may be reproduced by running __run.jl. The short

version of the Algorithm 1 is available in Julia (Bezanson

et al. 2017) Language, and particularly in the file ITSO-

short.jl, along with Octave (Contributors 2020), in the file

ITSOshort.m, and Python (Contributors 2020), in the file

ITSO-short.py. The implementation of the framework is

integrated in a few lines of computer code, which can be

easily adapted for case specific applications with high

efficiency.

Appendix 2: Black-Box functions

The following functions were used for the numerical

experiments. Equations 20, 21 (Elliptic, Cigar), were uti-

lized from Liang et al. 2013, Cigtab (Eq. 22), Griewank

(Eq. 23) from Au and Leung 2012, Quartic (Eq. 24) from

Jamil and Yang 2013, Schwefel (Eq. 25), Rastrigin

(Eq. 26), Sphere (Eq. 27), and Ellipsoid (Eq. 28) from

Finck et al. 2010; Feldt 2013-2018, and Alpine (Eq. 29)

from Hussain et al. 2017. Equations 30, 31, 32, were

developed by the authors. The code implementation for the

selected equations appears in file functions_opti.jl in the

supplementary computer code.

The exact variation used in this work is as follows. We

have adopted the notation presented in the Nomenclature

section, where i denotes the optimization history step, and j

the dimension of the design variable xij.

fellipticðxiÞ ¼
Xn
j¼1

cjðxij þ
3

2
Þ2;where

c ¼ 103f0; 1

n� 1
; . . .; 1g:

ð20Þ

fcigarðxiÞ ¼ x21 þ
Xn
j¼2

jxijj: ð21Þ

fcigtabðxiÞ ¼ x21 þ
Xn�1

j¼2

jxijj þ x2n: ð22Þ

fgriewankðxiÞ ¼ 1þ 1

4000

Xn
j¼1

x2ij �
Yn
j¼1

cos
xijffiffi
j

p
� �

: ð23Þ

fquarticðxiÞ ¼
Xn
j¼1

jðxij � 2Þ4: ð24Þ

fschwefelðxiÞ ¼
Xn
j¼1

c2j ;where

cj ¼
Xj

k¼1

ðxik � 9Þ:

ð25Þ

frastriginðxiÞ ¼ 10nþ
Xn
j¼1

ðxij þ
7

10
Þ2

� 10
Xn
j¼1

cosð2pðxij þ
7

10
Þ2Þ:

ð26Þ

fsphereðxiÞ ¼
Xn
j¼1

ðxij �
13

10
Þ2: ð27Þ

fellipsoidðxiÞ ¼
Xn
j¼1

ðxij �
ffiffiffi
2

p
Þ2: ð28Þ

falpineðxiÞ ¼
Xn
j¼1

jxij sin xij þ
1

10
xijj: ð29Þ

fx jðxiÞ ¼
Xn
j¼1

ðxij � j� 21

10
Þ2: ð30Þ

fx 5ðxiÞ ¼
Xn
j¼1

ðxij � 5Þ2 � 5: ð31Þ

fsin xðxiÞ ¼
Xn
j¼1

ðsinðxij þ
7

10
Þ þ

ðxij þ 7
10
Þ2

100
Þ: ð32Þ
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(2021) Coco: a platform for comparing continuous optimizers in

a black-box setting. Optim Methods Softw 36(1):114–144

Hibbert DB (1993) Genetic algorithms in chemistry. Chemom Intell

Lab Syst 19(3):277–293

Holden N, Freitas AA (2005) A hybrid particle swarm/ant colony

algorithm for the classification of hierarchical biological data. In:

Proceedings 2005 IEEE Swarm Intelligence Symposium, 2005.

SIS 2005., IEEE, pp 100–107

Hussain K, Salleh MNM, Cheng S, Naseem R (2017) Common

benchmark functions for metaheuristic evaluation: A review.

JOIV Int J Inform Vis 1(4–2):218–223

Hutson M (2018) AI researchers allege that machine learning is

alchemy. Science 360:961. DOI: 10.1126/science.aau0577

Jamil M, Yang XS (2013) A literature survey of benchmark functions

for global optimization problems. arXiv preprint

arXiv:13084008

Kapoutsis AC, Chatzichristofis SA, Doitsidis L, de Sousa JB, Pinto J,

Braga J, Kosmatopoulos EB (2016) Real-time adaptive multi-

robot exploration with application to underwater map construc-

tion. Auton Robots 40(6):987–1015. https://doi.org/10.1007/

s10514-015-9510-8

Kapoutsis AC, Chatzichristofis SA, Kosmatopoulos EB (2019) A

distributed, plug-n-play algorithm for multi-robot applications

with a priori non-computable objective functions. Int J Robot

Res. https://doi.org/10.1177/0278364919845054

Karaboga N, Kalinli A, Karaboga D (2004) Designing digital iir filters

using ant colony optimisation algorithm. Eng Appl Artif Intell

17(3):301–309

Lagaros ND, Papadrakakis M, Bakas NP (2006) Automatic mini-

mization of the rigidity eccentricity of 3D reinforced concrete

buildings. J Earthq Eng 10(4):533–564. https://doi.org/10.1080/

13632460609350609

Lagaros ND, Bakas N, Papadrakakis M (2009) Optimum design

approaches for improving the seismic performance of 3D RC

buildings. J Earthq Eng 13(3):345–363. https://doi.org/10.1080/

13632460802598594

Liang J, Qu B, Suganthan P, Hernández-Dı́az AG (2013) Problem

definitions and evaluation criteria for the cec 2013 special

session on real-parameter optimization. Computational Intelli-

gence Laboratory, Zhengzhou University, Zhengzhou, China and

Nanyang Technological University, Singapore, Technical Report

201212(34):281–295

Lin L, Cao L, Wang J, Zhang C (2004) The applications of genetic

algorithms in stock market data mining optimisation. Manag Inf

Syst. https://www.witpress.com/elibrary/wit-transactions-on-

information-and-communication-technologies/33/14241

Moayyeri N, Gharehbaghi S, Plevris V (2019) Cost-based optimum

design of reinforced concrete retaining walls considering differ-

ent methods of bearing capacity computation. Mathematics

7(12):1232

Mogensen PK, Riseth AN (2018) Optim: a mathematical optimization

package for Julia. J Open Source Softw 3(24):615
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